Introduction
In [3] , Keisler proves that if Q 1 is a nonstandard model of the complete theory Th(Q) of (Q; +; ×; 0; 1) and C 1 is the algebraic closure of Q 1 , then (C 1 ; Q 1 ) is elementarily equivalent to (C; Q) where C is the algebraic closure of Q. But if Q r 1 is the real closure of Q 1 and Q r the real closure of Q, then it is observed in [1] that (Q r 1 ; Q 1 ) ≡(Q r ; Q). Victor Harnik asked the following question: if we have two nonstandard models Q 1 and Q 2 of Th(Q) are (Q r 1 ; Q 1 ) and (Q r 2 ; Q 2 ) elementarily equivalent? Let L be the language {0; 1; +; ×} and let N be a nonstandard model of Peano Arithmetic, formulated in L. We refer to "formulas" of L meaning all the elements of N satisfying a formula F(x), naturally interpreting in the standard model N "x is the G odel number of a formula". Then "standard formula" means a "formula" which belongs to the standard part of N (i.e. N) and hence can be identiÿed with a real formula. We call "standard formulas with arbitrary parameters" all the "formulas" of the form G(b) where G(x) is a "formula" with one free variable with a standard G odel number and b is an integer (standard or nonstandard).
Theorem
There exist Q 1 , Q 2 , nonstandard models of the complete theory of (Q; +; ×), such that (Q Proof. According to Robinson's theorem [5] , we can deÿne a natural L-structure N in (Q; +; ×) by the same formula that deÿnes N in (Q; +; ×). Thus, there is a formula (x) in the language of Q whose meaning in (Q; +; ×) is "x is a natural number encoding (the sequence of coe cients of) a polynomial with integral coe cients". Call an element P of N a "polynomial" if x = P satisÿes (x) in the structure (Q; +; ×). A "polynomial" P has a degree which is an element d(P) of N ; if this degree is standard, then P encodes a standard polynomial whose coe cients are "integers" (an "integer" being an element a of Q such that either a or −a belongs to N ). Let K⊃Q be an ordered ÿeld in which Q is dense. There is a ÿrst-order formula "P( ) = 0" with free variables P and such that whenever P is a "polynomial" in Q with standard degree and ∈ K then the meaning of "P( ) = 0" is the standard one. One way of seeing this is as follows. If E(x) is the "integral part" of x (the unique "integer" a such that a6x¡a + 1), then "P( ) = 0" will means that lim n→∞ P(E(2 n )=2 n ) = 0, where the limit is taken in the sense of Q and N (notice that P(E(2 n )=2 n ), as a function of n and P, is deÿnable in the function that associates E(2 n ) to n). This observation allows us to deÿne N in (Q r ; Q) by the formula H (u): ∃ ∃x; x( ) = 0 and u + 1 = d(x) and u is minimal for which such an x exists. This concludes the proof. The formula J (x) of L + S which says "there is r, q, and n * such that G(r; q; n * ) and p x is a standard divisor of n It su ces to show that there is a nonstandard model N 2 |=Th(N) which omits the type (x). In other words, we have to show that (x) can be omitted in a model of the theory T = Th(N) ∪ {c¿n: n ∈ N}. By the omitting types theorem, if no such model N 2 existed, we would have a formula K(x; c) which would imply, in the theory T , all formulas of (x). Let '(u) be the formula stating: "for some x, p u divides x and there are arbitrarily large y such that K(x; y)". A standard compactness argument yields that for all standard sentences , Th(N)|= ' ( ) ↔ , contradicting a well-known theorem of Tarski.
Proof of the theorem. The main idea of this proof is an improvement of a suggestion of Victor Harnik.
We have N 1 ; N 2 nonstandard models of Th(N) such that (N 1 ; N)|=∃yH (y), (N 2 ; N)|= ∀y H (y). Thus (N 1 ; N) ≡(N 2 ; N). Let Q 1 (resp. Q 2 ) be the ÿeld generated by N 1 (resp. N 2 ). Then, by Lemma 1, (Q One can show by considering models of second-order arithmetic that there are continuum many nonelementarily equivalent models of (Q r ; Q) by using the same reasoning as in [4] and the fact that in an ! 1 -saturated model of Th(N), for every subset X of the prime numbers there is a nonstandard integer such that its prime divisors are exactly the elements of X .
